Abstract. In this second part of the paper [7] we will continue to study the families of triples (u, v, w) of elements in a commutative ring R with the property that v w + n = u 2 , w u + n = v 2 and u v + n = w 2 for some n, u, v, w ∈ R. They are built from the Euler triples (a, b, a + b ± 2 t), where n = t 2 − a b. The idea is to use an extra element m ∈ R and take either
Introduction
In this introduction we recall some highlights from the introduction of the first part [7] in order to make connection easier.
The subject matter of both papers are S(n)-m-tuples in a commutative ring R [9] . The products of pairs of its different components increased by an n ∈ R is always a square. They appeared already in the works of the Greek mathematician Diophantus of Alexandria who found that d = ( [12] and [13] ). [4] and for the pencils on these triples in [5] and for the pencils built on the S(−1)-triples and the S(5)-triples from the Fibonacci and the Lucas numbers in [6] .
Euler S(n)-triples and defined as follows. For a, b, t, m ∈ R, let α(a, b, t, m) and β(a, b, t, m) be the triples

Some of our results have been discovered earlier for the Euler S(−4)-triples and the S(8)-triples from the Pell and the Pell-Lucas numbers in
The present paper further investigates the common properties of all pencils of Euler S(n)-triples (like a and b and all others listed above). In another paper [8] , the author will consider similar blowing up procedure for the Euler S(n)-quadruples.
The present paper, like its first part [7] , searches for the additional (intrinsic) properties that a given pencil of Euler S(n)-triples might have besides its existence and the defining property. The goal is to explore the properties of the pencils α and β and to understand better their structure.
In order to help the reader follow our notation and counter the dry abstract ring setting, we give many concrete examples for the favorite triple r = (1, 3, 8) and the associated pencils a and b of S(1)-triples. The notation and the numeration of the properties continues from the first part [7] .
The linear sums of components
It follows easily from the Properties 4 and 5 that
Somewhat less obvious representations for these sums are the following.
For the triple a, the first identity in Property 30 is (with u = 2m+4)
Proof. Since the product 3(m − 
Proof. Since E 2 is a m 2 + 2 t m + b and (m − 2e) A 2 is a m − a + t their sum is a m 2 + (a + 2 t) m − a + b + t that we recognize as A σ *
1
.
The next item considers sums and differences of various sums of A and B and A and B. These identities are straightforward consequences of the previous properties.
The quadratic sums of components
In the Property 9 we got formulae for A σ 2 and B σ 2 . We want now analogous formulae for A σ 2 and B σ 2 . In the next property, adding and subtracting n from E σ 2 leads to factorizations with 2 as a factor. For the triple r, we have a σ 2 − 1 = (3·2 + 2·5 + 5·3) − 1 = 30 = 2·5·3 = 2 a 1 a 2 .
Property 33. For a, b, t, m ∈ R, the following is true:
Since a b − t 2 = −n, the last formula also holds.
The factorization occurs also when a 2 is subtracted or when 5a 2 − 3n is added to the sum E σ 2 + E σ 2 . For the triple r, the third identity is r σ 2 + r σ 2 + 2 = 35 + 31 + 2 = 68 = 4·17 = (r 2 + 1)(r 2 + 4· r 2 + 2).
Property 34. For a, b, t, m ∈ R, the following is true:
A σ 2 + A σ 2 − a 2 = (E 2 + E 3 )(A 3 + A 2 + 2 a), B σ 2 + B σ 2 − a 2 = (E 2 − E 3 )(B 3 + 3 E 3 + a), A σ 2 + A σ 2 + 5 a 2 − 3 n = (E 2 + a)(E 2 + 4 A 2 + 2 a), B σ 2 + B σ 2 + 5 a 2 − 3 n = (B 3 + a)(B 3 + 4 E 3 + 2 a).
Proof. The left hand side
In the next item we take sums that use all four sums E σ 2 and E σ 2 . Their representations are similar and the factor 2 appears in both sums. 
Property 35. For a, b, t, m ∈ R,
A σ 2 + A σ 2 + B σ 2 + B σ 2 = 2 [(E 2 + A 2 ) 2 + a(E 2 − E 3 )], A σ 2 − A σ 2 + B σ 2 − B σ 2 = 2 [(E 2 − A 2 ) 2 + 3 a(E 2 − E 3 ) − 2 n]. Proof. Since A σ 2 + A σ 2 + B σ 2 + B σ 2 − 2(E 2 + A 2 ) 2 is the product of 2 a and a m 2 + 2 t m + b − a m − t = E 2 − E 3 ,
Property 36. For a, b, t, m ∈ R,
Hence, the first identity holds.
For the second identity, notice that the difference
Notice that the last equality in the above property was already noted in the Property 23 in different context.
We continue by showing that the sums
have quite similar representations.
Proof.
is the square of a m 2 + (a + 2 t)m + b+ t+ a = A 1 + a, the first identity holds.
We proceed with the version of the Property 34 for the sum σ * 2 . For the triple r, the first identity is r σ * 2 + r σ * 2 = 19 + 11 = 30 = 3·(8 + 2·1).
Property 38. For all a, b, t, m ∈ R,
Proof. The sum σ 3 does not give any interesting properties except that the identities
The products of sums
The products of the linear sums of components also give interesting relationships and even complete squares.
Property 39. For a, b, t, m ∈ R,
In the next two properties we show that certain sums of products of symmetric sums of the triples E and E have interesting representations as products.
Property 40. For a, b, t, m ∈ R,
Property 41. For a, b, t, m ∈ R, the following is true:
In order to prove the first formula, note that A 1 = B 1 = a and A 2 = B 2 = E 2 . The left hand side is thus the product a E 2 multiplied by
The powers of the sums
In this section we give two sets of identities for some symmetric expressions that use the powers (second, third and fourth) of the sums σ 1 and σ * 1 of the four pencils α, β, α and β. We show that these expressions have long factorizations. a) and A 3 + B 3 + 2a = 2(E 2 + 2a), the first formula follows.
Property 42. For all a, b, t, m ∈ R,
Similarly, since A 3 
The generalized determinants from components
Note that a·b is the determinant of the rectangular 2 × 3 matrix with rows a and b (see [14] ). These generalized determinants are now tied with our triples E and E using the following short notation.
Proof. Since A· A is 2(a m + t)(a m 2 + 2 t m + b − a), we see that the first formula holds because E 3 = a m + t and E 2 = a m 2 + 2 t m + b. Also, since A· B − B · A is 2 f g, where f = a m 2 − (a − 2 t)m + b − t = B 1 and g = 2(a m + t) + a = E 3 + a, it follows that the fifth formula also holds.
Property 45. For a, b, t, m ∈ R,
Proof. 
, the second formula holds.
The product Q has as the components the products a[a m 2 − (a −2 t)m+ b−t], (a m 2 + 2 t m + b)(a m − a + t) and [a m 2 −2(a−t)m+a+b −2 t](a m+ t). Hence
Proof. − n 2 is the product 2 a n E 2 , proving the last formula.
In the rest of this section, we consider the products and . Let F = A A,  G = A A, H = B B and K = B B. Property 48. For a, b, t, m ∈ R, the following identities are true.
Proof. Since F and G are (a A 2 , A 2 A 3 , A 3 A 1 ) and (a A 3 , A 2 A 1 , A 3 A 2 ) , we infer that the sums F σ 1 and a) . This proves the first identity. The proofs of the other seven identities are similar.
The products and
Let and denote binary operations on R 3 defined by
Note that restricted on the standard Euclidean 3-space R 3 the product is the familiar vector cross-product.
In the next three properties we consider various symmetric sums of the products and when the fourth variable m is either the sum u + v or the difference u − v of the elements u and v from the ring R.
We shall use p, p u and p v only in the last section.
. From this the second formula for E = A follows easily.
Proof. Observe that s
. From this the second formula follows easily.
For the operation we have the following similar result. The right hand side of the first formula does not depend on v and the right hand side of the second formula does not depend on u.
Proof. We first notice that
which is another way to write the first formula.
In the next property we collect formulas for the various symmetric sums of the products F = A B and F = A B.
Property 52. For a, b, t, m ∈ R and M = a E 3 + n, N = a E 2 M ,
Proof. Since F is (−4 A 2 A 3 , 4 a A 3 , 0), the first, the third and the fifth formulae follow easily. Similarly,
Determinants and the products , and
The first result in this section is another method to get the complete squares using the determinants and the products and .
Property 53 . For a, b, t 
Its determinant is obviously the square of 4 a E 2 E 3 . The determinant |A B, A A, B B| is computed similarly.
We continue with two interesting results on determinants of matrices whose rows are certain products of pairs from the four pencils.
Property 54. For a, b, t, m ∈ R, the sum of |A B, B B, A A| and |A B, B B, A A| is the product 16 a E
We leave the standard and tedious evaluation to the reader as a nice challenge.
Property 55. 
Now we subtract the first row of M from the second and from the third. It follows that the matrix M is equivalent with the matrix  
Squares from determinants and products and
In this section we shall describe three methods to get the complete squares using the determinants and the products and .
Property 56. For a, b, t ∈ R and n = t 2 − a b,
Proof. The product (10 n) A (10 n) B is the triple (2 a(10 a n + t), −2(10 a n + t) 2 , 2 n).
The other two products have the same form with 10 replaced by 4 and 1, respectively. By an easy calculation of the determinant of the above 3 × 3 matrix one finds that its value is indeed (6 a n) 4 .
Property 57. . Since a c = e, it follows that this determinant is the square of 1056 t 3 . The proof for the second determinant is similar.
Values in sums and products
In this section we shall show that the last variable m has the property that the value of the sums σ 1 and σ * 1 for the functions α, β, α and β in the quadruples (a, b, t, u + v) and (a, b, t, u v) can be recovered from their values
